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A first-order percolation transition, called explosive percolation, was recently discovered in evolution net-
works with random edge selection under a certain restriction. However, the network percolation with more
realistic evolution mechanisms such as preferential attachment has not yet been concerned. We propose a tun-
able network percolation model by introducing a hybrid mechanism of edge selection into the Bohman-Frieze-
Wormald (BFW) model, in which a parameter adjusts the relative weights between random and preferential
selections. A large number of simulations indicate that there exist crossover phenomena of percolation transi-
tion by adjusting the parameter in the evolution processes. When the strategy of selecting a candidate edge is
dominated by random selection, a single discontinuous percolation transition occurs. When a candidate edge
is selected more preferentially based on node‘s degree, the size of the largest component undergoes multiple
discontinuous jumps, which exhibits a peculiar difference from the network percolation of random selection
with a certain restriction. Besides, the percolation transition becomes continuous when the candidate edge is
selected completely preferentially.
PACS numbers: 89.75.Hc, 64.60.ah, 02.50.Ey
Percolation is a pervasive concept in graph theory and
statistics physics, which has a broad application in net-
work science, epidemiology, and so on. Now it’s a use-
ful theoretical tool to study the large-scale connectivity of
complex networks. It was known as a continuous per-
colation process of random networks before the product
rule was introduced into the network evolution process by
Achlioptas in 2009. In the percolation model proposed
by Achlioptas, the size of the largest component jumps
abruptly at a transition point, which is called explosive
percolation, and it is considered as a first-order transition.
Stimulated by the work of Achlioptas, a great amount of
attention has been given to the research of the explosive
percolation in evolution networks with random edge se-
lection under a certain restriction. However, the perco-
lation transition in a more realistic evolution process of
networks is still lack of studying. Based on the classi-
cal Bohman-Frieze-Wormald model, we propose a per-
colation model in evolution process of networks with hy-
brid attachment. In our model, a tunable parameter is
taken into account to adjust the way of selecting a can-
didate edge. Through numeric simulations, we find that
there are crossover phenomena of percolation transition
in the evolution process, which exhibit a peculiar differ-
ence from the classical Bohman-Frieze-Wormald network
percolation. Specifically, when the strategy of selecting a
candidate edge is dominated by random selection, there is
only a single discontinuous jump of the largest component
size. When a candidate edge is selected more preferentially
based on node‘s degree, the largest component grows with
multiple discontinuous jumps. Besides, nearly completely
preferential selection makes the size of the largest compo-
nent increase continuously. Our work reveals the effect of
∗ tangminghan007@gmail.com
hybrid attachment mechanism on the network percolation
transition, and offer some insights into understanding the
network percolation in a more realistic evolution process.
I. INTRODUCTION
Percolation is used to describe the movement and filtering
of fluids through porous materials in materials science [1].
During the last five decades, percolation theory has brought
new understanding to a broad range of topics in networks sci-
ence [2–4] and epidemiology [5, 6]. During 1959 to 1961,
Erdo¨s and Re´nyi proposed the evolution model of random
graphs, i.e., Erdo¨s-Re´nyi (ER) model [7, 8]. In this model,
a randomly selected link is added to the network at each time
step. Such random edge selection rule generates a second-
order percolation transition that the largest connected com-
ponent grows continuously. In 2009, Achlioptas introduced
a product rule of edge selection [9]. In the model, two candi-
date edges are randomly selected, and the one merging the two
components with smaller product of their sizes is added to the
network. It postpones the emergence of the giant connected
component and hence leads to a abrupt jump of the largest
component size, which is called as explosive percolation. It is
in striking contrast to the second-order percolation transition
in the classical ER model, and a great deal of researches have
been triggered [10–19]. In particular, refs. [11, 12] explored
the explosive percolation of the configuration scale-free net-
works in a cooperative Achlioptas growth process. Ref. [11]
found that there exists a critical degree-exponent parameter
λc ∈ (2.3, 2.4). If λ < λc, the transition threshold tends to
zero in the thermodynamic limit, and the transition is contin-
uous; otherwise, a discontinuous percolation transition occurs
near a finite threshold. Almost at the same time, ref. [12]
got similar results through numeric simulations. However, it
is proven rigorously that the explosive percolations for all the
2Achlioptas processes are actually continuous by subsequent
researches [15, 21, 22].
Besides the Achlioptas process, another percolation model
was introduced by Bohman, Frieze and Wormald (BFW) [23].
In this model, a single edge is randomly selected at each step.
If the size of the resulting component is less than a specified
value, this edge would be added to the network, or a critical
function is used to decide whether to receive it or not. Later
on, Chen et al. [18] demonstrated that the transition of the
BFW model is actually discontinuous.
Although percolation transition in random networks has
been studied extensively, its application to real-world net-
works is still scarcely investigated [24, 25]. Actually, in the
evolution processes of most real-world networks, the strategy
of selecting a newly added edge follows the mechanism of
preferential selection instead of random selection. The prefer-
ential attachment was introduced by Baraba´si and Albert [26],
and it is considered as a vital mechanism to describe the evo-
lution of the real-world networks with heterogeneous archi-
tecture [27–30]. In the model, the probability that a new node
leads an edge to an exist node i is in proportion to its degree
ki, that is
∏
i ∼ ki. However, the architectures of most real-
world networks can not be described by strictly scale-free or
random model [31, 32]. Thus a more realistic network evo-
lution model with hybrid attachment was proposed [33, 34].
In the model, the probability that a node i is attached by a
new edge is in proportion to
∏
i ∼ (1 − q)ki + q, where q
controls the relative weights between the heterogeneous and
homogeneous components in the evolution process.
In this paper, we propose a hybrid BFW model (HBFW)
with mixture of preferential and random edge selection to
study the network percolation in a more realistic case. When
q = 0, the model degenerates to the original BFW model,
where each candidate edge is selected randomly, and the de-
grees thus satisfy exponential distribution. When q = 1, the
network is strictly scale free as the preferential attachment
dominates network evolution process. Simulation results
demonstrate that three separate parameter regions
[
0, qIc
]
,(
qIc , q
II
c
]
,
(
qIIc , 1
]
exist in the model, where qIc ∈ (0.84, 0.86)
and qIIc ∈ (0.97, 0.98) respectively stand for two critical val-
ues. And crossover phenomena of percolation transition oc-
cur between these regions. Specifically, there is only a sin-
gle discontinuous transition when q ∈
[
0, qIc
]
. And when
q ∈
(
qIc , q
II
c
]
, multiple discontinuous jumps of the largest
component size occur in the evolution process. Moreover,
when q ∈
(
qIIc , 1
]
, the first transition of the HBFW model
becomes continuous. Most extremely, there is single giant
component all through the process, when q approaches to 1. It
shows totally different properties of percolation transitions in
a network with more realistic evolution mechanism, compared
with those in random networks or configuration networks.
II. PERCOLATION MODEL
In our model, we use the mechanism of the hybrid attach-
ment to modify the rule of selecting a candidate edge in the
BFW model. By introducing a tunable parameter q, we get a
hybrid rule of preferential selection and random selection.
Initially, the system is a network G with N isolated nodes.
Denote K as the cap size and set K=2. u (l) and L (l) respec-
tively represent the number of candidate edges and accepted
edges at the current step l. And t = L(l)/N is the density
of accepted edges at the current step. Then we consider the
evolution process of the HBFW model. Namely, at each step
l, the two nodes attaching to a candidate edge eu is selected
according to the following two steps:
1) The first node is selected randomly from the system.
2) The second node is selected by the rule of hybrid at-
tachment. The node i is selected by the preferential (random)
selection strategy with probability q (1− q).
According to the selection rule described above, a candi-
date edge eu is obtained, and then it is judged by the BFW
algorithm.
3) Edge addition in the BFW algorithm. We can decide
whether the candidate eu should be accepted or not according
to the following criteria:
(i) Denote C1 as the size of the largest component if eu is
added to the system;
(ii) If C1 ≤ K , we accept eu , and set L(l+1) = L(l)+ 1,
u(l+ 1) = u(l) + 1, l = l + 1;
(iii) Otherwise, if L(l)/u(l) < g(K) = 1/2 + (2K)−1/2,
set K = K + 1, and go to (ii), until C1 ≤ K or L(l)/u(l) >
g(K). If C1 ≤ K , eu is added to the network, and set L(l +
1) = L(l)+1, u(l+1) = u(l)+1, l = l+1; or if L(l)/u(l) >
g(K), eu is rejected, and set u(l+ 1) = u(l) + 1, l = l + 1;
Repeat steps 1) ∼ 3). Note that initially all the nodes in
the system are isolate, so the selection rule of preferential at-
tachment can not be applied to any node. Thus without loss
of generality, at the first step, the two nodes are randomly se-
lected.
III. SIMULATION RESULTS
First of all, we explore the effect of the hybrid attachment
on the architecture of the generated networks. In order to
demonstrate the result clearly and without loss of generality,
we set the generated networks of 〈k〉 = 5. We exhibit the de-
gree distribution of the networks with five typical values of pa-
rameter q, as shown in Figs. 1 (a) and (b). When q is relatively
small (e.g., q = 0.0 and q = 0.6), a pair of nodes connected by
a candidate edge are selected almost by the strategy of random
selection, thus degrees of all nodes satisfy an exponential dis-
tribution [31] [see fig. 1 (a)]. With the increase of q, it is more
likely to select a large-degree node, then the heterogeneity of
the networks grows gradually. And after about q = 0.86, the
degree distribution of the networks evolves asymptotically to
power-law distribution [28], as shown in Fig. 1(b).
Next, we discuss the properties of percolation transition in
the HBFW model. For clarity, we denote NCi ∼ o(N) if
limN→∞ Ci → 0, where Ci is the fraction of nodes in the ith
largest component, and C1 is defined as the order parameter
of network percolation. If limN→∞ Ci → c, c ∈ (0, 1], we
denote NCi ∼ O (N).
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FIG. 1. (Color online) Typical degree distribution of generated net-
works with 〈k〉 = 5. (a) the degree distribution for q = 0.0 and
q = 0.6, (b) the degree distribution for q = 0.86, q = 0.96,
q = 0.99. System size is set sa N = 106.
In order to investigate the impact of hybrid attachment on
percolation transition, we perform simulations with varieties
of q. In the evolution process, edges are selected in strict ac-
cordance with the rules mentioned above. We first focus on
the time evolutions of C1 and C2. Fig. 2 illustrates the ef-
fect of the hybrid attachment on the percolation transition of
the HBFW model by exhibiting the results for q = 0.0, q =
0.6, q = 0.96 and q = 0.99. Fig. 2 shows that when q = 0.0,
it degenerates to the BFW model and there is only a unique
discontinuous jump of the largest component at the percola-
tion threshold. But for q > 0, as shown in Figs. 2(b)∼(d),
we can see that the transition point decreases gradually with
the probability q of preferential attachment. Most importantly,
for a large value of q multiple jumps of C1 and C2 occur after
the first percolation transition [see Figs. 2(c) and (d)]. When
q → 1, as shown in Fig. 2(d), the first transition of C1 and C2
is prone to be continuous.
From large numbers of simulations, we find that there exists
two critical values qIc ∈ (0.84, 0.86) and qIIc ∈ (0.97, 0.0.98).
For q ∈ [0, qIc ], there is only one jump of C1 and C2 at the
transition point. And for q ∈ (qIc , qIIc ], multiple jumps of the
C1 and C2 emerge. However, the first transition of C1 and
C2 is prone to be continuous for q ∈ (qIIc , 1]. In the fol-
lowing section, we focus on the time evolution of the largest
component, and demonstrate the above conclusions from two
aspects. Firstly, by analyzing the jump size of the largest
component ∆C1 [20], and the time interval ∆ti, i = 1...3
between two adjacent jumps of the largest component, we
demonstrate the existence of multiple discontinuous jumps for
q ∈ (qIc , q
II
c ]. And we strengthen the above results by inves-
tigating the susceptibility χ of C1. Secondly, by using the
FIG. 2. (Color online) Time evolutions of C1 and C2 for four typical
values of q. (a) and (b) respectively depict the evolution processes
for q = 0.0 and q = 0.6, which are both smaller than qIc ; (c) and (d)
respectively depict the processes for q = 0.96 and q = 0.99 , which
are both larger than qIc . System size is set as N = 106.
FIG. 3. (Color online) Finite size effects of multiple jumps of the
largest component ∆C1 and the time intervals between each two ad-
jacent jumps ∆t1 ∼ ∆t3. The four largest jumps of order parameter
∆C11 ∼ ∆C
4
1 for q = 0.6 (a) and q = 0.96 (b). Time delays
∆t1 ∼ ∆t3 for q = 0.6 (c) and q = 0.96 (d). Data are averaged
over 100 network realizations.
technology of “critical window” [9], we examine whether the
first transition is discontinuous or not for different value of q.
Firstly, we demonstrate that there is only one discontinuous
jump of C1 for q ∈ [0, qIc ], and multiple discontinuous jumps
for q ∈ (qIc , qIIc ]. In fact, Ref. [20] pointed out that if the
maximum increase of the order parameter ∆Cmax
1
caused by
adding a single edge satisfies the condition
lim
N→∞
∆Cmax
1
/N > 0, (1)
the transition is strongly discontinuous. We consider the finite
size effects of top 4 largest jumps of the largest component
4FIG. 4. (Color online) Time evolution and finite size effects of
the susceptibility χ. Time evolution of the χ for q = 0.6 (a) and
q = 0.96 (b). (c) The maximum value of susceptibility χmax versus
network size for q = 0.6 and q = 0.96. (d) The other two peak
values of susceptibility χ2 and χ3 versus network size for q = 0.6
and q = 0.96. Data are averaged over 100 network realizations.
for different values of q. Figs. 3 (a) and (b) show the cases
of q = 0.6 and q = 0.96, where ∆Ci
1
stands for the ith
largest jump size of the largest component. Simulations re-
sults illustrate that the size of the jumps are independent of
the system size N . Therefore, the top four largest jumps of
the largest component is discontinuous for q ∈ [0, qIc ] in the
thermodynamic limit. Next, we investigate the time delays be-
tween two adjacent jumps of the largest component to judge
how many discontinuous jumps occur in the evolution pro-
cess. The ∆ti, i = 1, 2, 3 stands for the time delay between
the ith jump and the(i+1)th jump. Fig. 3(c) shows that when
q = 0.6, ∆ti(i = 1, 2, 3) converge to zero in the thermody-
namic limit. This means that these discontinuous jumps in the
HBFW process with q = 0.6 occur at almost the same time
when N is large enough. Thus there is only one discontinuous
jump of C1 when N →∞. For q = 0.96, the two time delays
converge asymptotically to two positive constant values in the
thermodynamic limit, i.e. limN→∞∆t1 = 0.206± 0.002 and
limN→∞∆t2 = 0.057 ± 0.004 [see Fig. 3(d)]. This means
that three separate discontinuous jumps of C1 occur during
the percolation process.
To strengthen the above conclusions, we consider the sus-
ceptibility
χ =
√
〈C2
1
〉 − 〈C1〉2, (2)
which quantifies the amplitude of the fluctuations of the
largest component size [35]. When a transition occur in the
evolution process, χ reaches to a peak value χmax. Further, a
none zero value of χmax in the thermodynamic limit indicates
a discontinuous transition [36, 37]. In Fig. 4, we exhibit the
susceptibility of the largest component sizes for q = 0.6 and
FIG. 5. (Color online) Relationship between the rescaled size of criti-
cal window ∆(α, β) and network size N. (a) α = 1/2, β = 0.25 and
(b) α = 1/2, β = 0.1 are chosen in∆(α, β) for q = 0.86, q = 0.96,
and q = 0.99. Data are averaged over 100 realizations.
q = 0.96 with corresponding to Fig. 3. Fig. 4(a) shows that
there is only one peak of χ, and Fig. 4(b) tells us that it has
three obvious peaks of χ as time t increases. For the sake of
clarity, we denote the second and third largest value of χ for
q = 0.96 as χ2 and χ3. Results of Figs. 4(a) and (b) show that
for q = 0.96, there are three jumps of the largest component
size, but for q = 0.6 only one jump of the largest compo-
nent size occurs. Besides, Figs. 4(c) and (d) demonstrate that
the three peak values of the susceptibility for q = 0.96, and
the maximum value of the susceptibility for q = 0.6 tend to
be nonzero values in the thermodynamic limit. Thus, it leads
to the conclusion that the jump of the largest component for
q = 0.6 and the three jumps for q = 0.96 are essentially dis-
continuous.
At last, we demonstrate the continuity of the first transition
for q ∈ (qIIc , 1] in the HBFW model by applying the theory
of “critical window” proposed in Ref. [9]. Let L0 denote the
number of added edges at the last moment for
NC1 ≤ N
α, (3)
and L1 as the number of added edges at the first moment for
NC1 ≥ βN (4)
where α, β ∈ (0, 1). ∆(α, β) = L1 − L0 denotes the num-
ber of added edges during the evolution process, which is
called as critical window. Fig. 5 shows the rescaled value
of ∆(α, β)/N as a function of system size N for q = 0.86,
q = 0.96, and q = 0.99. We first set α = 1/2, β = 0.25.
5FIG. 6. (Color online) The component distributions at the vicinity of
transition threshold for q = 0.0 (a), q = 0.96 (b) and q = 0.99 (c).
System size is N = 106.
As shown in Fig. 5(a), ∆(α, β)/N is sublinear to N and sat-
isfies limN→∞∆(α, β)/N = 0 for q = 0.86 and q = 0.96,
while limN→∞∆(α, β)/N = 0.732 ± 0.002 for q = 0.99
[see Fig. 5(a)]. For more accurate, we lower the value of
β. In Fig. 5(b), we set β = 0.1 and get the accordant re-
sult as Fig. 5(a). Figs. 5(a) and (b) reveal the fact that the
first jump of the HBFW process is discontinuous for q = 0.86
and q = 0.96, but it is continuous for q = 0.99. More sim-
ulations demonstrate the existence of the critical value qIIc ∈
(0.97, 0.98), below which the first jump of the largest compo-
nent in HBFW process is discontinuous, but above which it is
continuous.
Finally, we give a qualitative analysis for the two crossover
phenomena of percolation transitions in the HBFW model. In
the BFW model, the evolution of the largest component is re-
stricted by the cap size K . Thus at each time step, the small
components are merged together by a newly added edge with
high probability. Consequently, a mass of components, whose
sizes are approximately equal to the largest component size,
emerge in the subcritical regime. In other words, a “powder
key” is formed, which is a necessary condition for the discon-
tinuous percolation transition [13]. As shown in Fig. 6 (a),
there are a mass of components with size of about two hun-
dred nodes at t = 0.96, and with size of about seven hundred
nodes at t = 0.97. Subsequently, a vanishingly small number
of added edges can merge these small components, and thus
lead to an explosive percolation. And at t = 0.98, two giant
components formed.
The hybrid attachment mechanism in the HBFW model
makes evolution procedure much more complex than the clas-
sical BFW process, which leads to peculiar properties of the
percolation transitions. Generally, there are two underlying
competed mechanisms behind the percolation procedures in
the HBFW model, which are the suppression and promotion
of growth of the largest component, respectively. On the one
hand, the cap size K restricts the formation of large compo-
nents. On the other hand, with the increase of q, the proba-
bility of selecting large-degree nodes rises, which accelerates
the growth of large components. When q < qIc , the strategy of
selecting a candidate node is predominated by the random se-
lection [see Fig. 1 (a)], the suppression plays a main role, ren-
dering the percolation type similar to BFW model [see Figs. 2
(a) and (b)]. With the increase of q, edges are more likely
to attach to large-degree nodes [see Fig. 1 (b)]. Owing to the
suppression of cap size K, the large-degree nodes absorb more
and more small components or isolate nodes into the compo-
nents, to which these hub nodes belong. Consequently, a mass
of hub-centric components with sizes being sublinear to the
system size N appear in the subcritical regime. As shown in
Fig. 6 (b), there are many components with size of about one
thousand nodes at t = 0.6. In the subsequent procedure, each
added edge would combine two of these hub-centric compo-
nents with a very small probability, and thus leads to a discon-
tinuous jump of the largest component. As shown in Fig. 6,
three discontinuous jumps of the largest component size occur
in the time duration [0.6, 0.65], (0.65, 0.7] and (0.7, 0.85].
When q is large enough, i.e., q > qIIc , the cap value K that
constrains the growth of the largest component won’t work
anymore. Affected by the mechanism of preferential attach-
ment, the large-degree nodes absorb small components or iso-
late nodes continuously, and giant components form at the
early stage of the evolution process. Thus, it leads to the con-
tinuous growth of the largest component. As shown in Fig. 6
(c), several components with size of about ten thousand nodes
form at t = 0.5. We see that the large components absorb
more small components, thus several giant components form
at t = 0.6. In the following time steps, these giant compo-
nents are merged by edges, and at last the two stable giant
component exist in the supercritical regime, e.g., t = 0.7 and
t = 0.95. If q approaches to 1, at each time step, the proba-
bility of selecting the second node approximates to
∏
i ∼ ki.
The isolate nodes or small components will be absorbed into
the large components continuously by the large degree nodes.
And when q = 1, we can imagine that there will be a single
giant component to which those large-degree nodes belong,
and it grows continuously all through the process. Thus, there
will be no jump of the largest component.
6IV. DISCUSSION
In this paper, we propose a network percolation model with
the hybrid attachment based on the BFW process. In the
model, the tune parameter q controls the evolution strategy.
When q is relatively small, the strategy of random edge se-
lection dominates the evolution process. When q becomes
larger, the strategy of preferential edge selection dominates
the evolution process. A large number of numeric simulations
indicate that there exist crossover phenomena of percolation
transition between three separate regions
[
0, qIc
]
,
(
qIc , q
II
c
]
,(
qIIc , 1
]
. In the region q ∈ [0, qIc ], the strategy of random
edge selection dominates the evolution process, and with the
constraint of forming the giant component, there is only one
discontinuous jump of the largest component at the perco-
lation threshold as the origin BFW model. In the region
q ∈ (qIc , q
II
c ], the strategy of more preferential edge selection
dominates the evolution process, and multiple discontinuous
jumps occur as a result of competition between the mecha-
nisms of constraining and accelerating the forming of the gi-
ant component, which are caused by the restricted of the cap
size K , and the preferential selection of a candidate edge re-
spectively. Further, in the region q ∈ (qIIc , 1], with nearly
complete preferential selection, the mechanism of constrain-
ing the giant connected component is no longer function, the
largest component grows continuously at the first transition
point. And if q approaches to 1, a single giant component
grows continuously throughout the evolution process.
Percolation of networks has been one of the hottest topics
in recent years, and it is considered as an important tool to
study the robustness of networks [38], spreading of epidemics
[39] and so on. Although many important and interesting per-
colation phenomena are observed on both random networks
and lattices, it is the first time to study the percolation in net-
work evolution process with hybrid attachment, which will
help us to understand the percolation transition in a more real-
istic process. It is unusual to find the crossover phenomena of
percolation transition in the network evolution process, which
have recently stimulated broad attention in other fields, such
as the processes of social contagions [40]. Specially, a recent
work studied the percolation transition in scale-free networks
and the multiple discontinuous percolation transitions are ob-
served [41]. We study the percolation of networks in a more
realistic evolution process from the aspect of numeric simula-
tions, but its theoretical analysis need to be carried out. Be-
sides, the percolation transition in real-world networks needs
further works.
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